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ABSTRACT. We determine the asymptotics for the variance of the num-
ber of zeros of random linear combinations of orthogonal polynomials of
degree < n in subintervals [a, b] of the support of the underlying orthog-
onality measure . We show that, as n — oo, this variance is asymptotic
to cn, for some explicit constant ¢ > 0.

1. INTRODUCTION AND MAIN RESULTS

Let © be a positive Borel measure compactly supported in the real line,
whose support contains infinitely many points. For n > 0, n € Z, we
consider the nth orthonormal polynomial

(1.1) D () = 72" + ...
for p, with ,, > 0, so that

/ Du(@)pon (2) dp(2) = Sy 1> 0.

Define the ensemble of random orthogonal polynomials of the form
n
(1.2) Gu(z) =) ajpj(z), n >0,
j=0

where {a;}52 are standard Gaussian N (0,1) ii.d. random variables. For
any interval [a,b] C R, let N, ([a,b]) (resp. Ny, (R)) denote the number of
zeros of G, lying in [a, b] (resp. total number of real zeros).

Real zeros of high degree random polynomials have been studied since
the 1930s. The early work concentrated on the expected number of real
zeros B[N, (R)] for P,(z) = Y_p_oapz®, where {a;}}?_, are i.id. random
variables. Bloch and Pélya [9] gave the upper bound E[N,(R)] = O(y/n)
for polynomials with coefficients in {—1,0,1}. Improvements and general-
izations were obtained by Littlewood and Offord [29]-[30], Erdés and Offord
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[16] and others. Kac [24] introduced the "Kac-Rice formula" to establish
the important asymptotic result

E[N,(R)] = (2/m 4+ o(1))logn as n — oo,

for polynomials with independent real Gaussian coefficients.

More precise forms of this asymptotic were obtained by Kac [25], Edelman
and Kostlan [15], Wilkins [47] and others. For related further directions, see
[7] and [18]. Maslova [36] proved that the variance of real zeros for Kac
polynomials Y 7_, axz* satisfies

Var[ N, (R)] = = (1 _ i) log n + o(log )

™
for i.i.d. coefficients with mean 0, variance 1 and P(a, = 0) = 0. This result
was recently generalized by Nguyen and Vu [37].

Das [12] considered random Legendre polynomials corresponding to Lebesgue
measure du(z) = dx on [—1,1], and found that E[N,([—1, 1])] is asymptoti-
cally equal to n/v/3. Wilkins [46] estimated the error term in this asymptotic
relation. For random Jacobi polynomials, Das and Bhatt [13] established
that B[N, ([~1,1])] is asymptotically equal to n/v/3 too. Farahmand [17],
[18], [19] considered the expected number of the level crossings of random
sums of Legendre polynomials with coefficients having different distribu-
tions. These results were generalized to wide classes of random orthogonal
polynomials by Lubinsky, Pritsker and Xie [33] and [34]. In particular, they
showed that the first term in the asymptotics for E[N,,(R)] remains the same
as for the Legendre case.

The asymptotic variance and the Gaussianity for real zeros of random
trigonometric polynomials were established by Granville and Wigman [21],
and subsequently by Azais and Leén [2] via different methods. Su and
Shao [41] found the asymptotic variance for the real zeros of random cosine
polynomials, while Azais, Dalmao and Ledn [1] gave a different proof. Xie
[48] showed that the variance of real zeros for a general class of random
orthogonal polynomials is o(n?). A recent paper of Do, H. Nguyen and O.
Nguyen [14] studied dependence of the variance on the distribution of the
i.i.d. random coefficients in the trigonometric case.

In this paper our main goal is determining the asymptotic for the variance
of the number of real zeros for the ensemble of random orthogonal polynomi-
als of the form (1.2). To state our results, we require the following definition:

Definition 1.1
We say that a measure is reqular in the sense of Stahl, Totik, and Ullman, if
the leading coefficients {%’} of the orthonormal polynomials in (1.1) satisfy

imAi o L
oo ' cap (supp [p])’

where cap (supp [u]) denotes the logarithmic capacity of supp|u].
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While not a transparent condition, it is a weak one. For example, if the
support of z consists of finitely many intervals, and /' is positive a.e. in each
of those intervals, then p is regular. However, much less is needed [40]. We
let v denote the equilibrium measure v for supp|u] in the sense of potential
theory, and let w (z) = g—;. In any open subinterval of supp[u] , w exists, and

is positive and continuous [40]. For example, when supp|u] = [—1, 1],
() = —~
w(r) = —mxs.
1 — 22
Let
sin Tu
(1.3) S (u) = T
1 S (u) 0 S (u)
B S (u) 1 —5" (u) 0 .
(1.4) F(u) = det 0 —S"(w) —S"(0) —S"(u) |’
S’ (u) 0 —S5"(u) —S8"(0)

(1.5) G(u)=det | S(u) 1 0

(1.6) H(u)=det| S(u) 1 —=5(u)
S (uw) 0 —=8"(u)

Sylvester’s determinant identity shows that

(1 ~ S (u)2) F(u) =G (u)G(—u) — H(u)?

Also let

(1.7)
—oy 1 F (u) 1 . [ H(u) 1
Eu) = — H(u)arcsm(G(u)) ~3

(1.8) c:/_ooE(u)du—i—\}g.

Theorem 1.2

Let p be a measure with compact support on the real line, that is reqular in
the sense of Stahl, Totik, and Ullmann. Let w denote the Radon-Nikodym
derivative of the equilibrium measure for the support of u. Let [a', V] be a
subinterval in the support of w, such that p is absolutely continuous there,
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and its Radon-Nikodym derivative p' is positive and continuous there. As-
sume moreover, that

(1.9) sup [[pnll 1 jarpy < 00
n>1

If [a,b] C (', V), then

(1.10) lim ~Var [N, ([a, b])] = ¢ </abw () dy> .

n—oo n

Note that the limit does not depend on the particular measure p, but
involves the equilibrium density of the support of p. The bounds for the
orthonormal polynomials are known for example when y’ satisfies a Dini-
Lipschitz condition. Therefore an application of Theorem 1.2 gives:

Corollary 1.3
Let p be a measure supported on [—1,1] satisfying the Szegd condition

/1 log i/ () _dr > —00
-1 . ™1 —z? '
Let [a', V] be a subinterval of (—1,1), in which u is absolutely continuous,

while 1 is positive and continuous in [a’,b']. Assume moreover that its local
modulus of continuity,

Q(t):sup{‘,u’(a:)—;/(y)‘ TS [a/,b’] and |z — y| St}, t >0,

satisfies the Dini-Lipshitz condition
1
Q(t
/ Ldt < 0.
0 t

If [a,b] C (d', V), then
.1 B b1
(1.11) nh_)ngo ﬁVar [Ny, ([a,0])] = ¢ (/a Mdy) .

Remarks

(a) We believe that this result is new even for the Legendre weight ' = 1.
(b) The hypotheses of Theorem 1.2 are also satisfied for exponential weights
investigated in [28] that do not satisfy the Szeg® condition. For example,
the conclusion of Theorem 1.2 holds for any [a,b] C (—1,1), when

W (z) = exp (— expy (1 — x2)_a) , € (—1,1)

where o > 0 and exp;, = exp (exp (...exp())) denotes the kth iterated expo-
nential.

(c) For a class of weights supported on several disjoint intervals, in a classic
paper, H. Widom [45] established asymptotics of the orthonormal polyno-
mials under some smoothness conditions on the weight. These imply the
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uniform boundedness of the orthonormal polynomials in subintervals of the
interior of the support, so that Theorem 1.2 applies to Widom’s weights.
(d) As noted above, the analogous limit for trigonometric polynomials was
established by Granville and Wigman in [21]. We have indications that
our results are related to those of [21] via the same limiting Paley-Wiener
process.

(e) Azais, Dalmao and Leén [1, Theorem 1] found the asymptotics for the
variance of zeros of random cosine polynomials » ;' _,axcosky on [0,n].
These random cosine polynomials are equivalent to the random Chebyshev
polynomials Y aiT) () on [—1,1] by the change of variable y = arccos x.
Our asymptotic variance result of Theorem 1.2 for the random Chebyshev
polynomials agrees with that of [1, Theorem 1] for random cosine polyno-
mials.

This paper is organised as follows: in Section 2, we state the Kac-Rice
formula for the variance, and prove Theorem 1.2 and Corollary 1.3, deferring
technical details to later sections. In Section 3, we record some technical
estimates and gather results from elsewhere. In Section 4, we estimate the
"tail term" with |z —y| > % in the integral defining the main term in the
variance. In Section 5, we handle the "central term" where z and y are
close, which gives the dominant contribution to the integral. In Section 6,
the appendix, we prove the formula for the variance.

In the sequel, C,C1, Cs, ... denote constants independent of n,x,y. The
same symbol may be different in different occurrences.

Acknowledgements

The authors would like to acknowledge the input of Igor Wigman of King’s
College London. He provided essential insight into the literature and ideas
for this paper. The authors would also like to thank a referee for finding an
error in the statement of Lemma 3.2.

2. THE PROOFS OF THEOREM 1.2 AND COROLLARY 1.3

We begin with the Kac-Rice formulas for the expectation and variance.
These involve the reproducing kernel

n—1
(2.1) Kn(z,y) =Y _p;(z)p; (1)
=0

and for nonnegative integers r, s, its derivatives

(2.2) K(” (z,9) pr (S (y).

Lemma 2.1
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Let [a,b] C R, and let G, be defined by (1.2). Then the expected number of
real zeros for Gy, is expressed by

b
(23) BV, (0.t =+ [ 51 (@) d
where
1 Kfll_s_ll)( , ) Kf&ll) (z, ) ?
(2.4) 1 (37) B WJ Kn-i—l( 7‘7:) - (Kn-i-l (xax)> .
Proof
See [33]. H

We note that p; depends on n, but we omit this dependence to simplify
the notation. The same applies to p, below. The variance of real zeros of
Gy, is found from the following formula, which was derived in [48] by using
the method of [21].

Lemma 2.2
Let [a,b] C R, and let G,, be defined by (1.2).

(2.5)
b
Var [NV, ([a.b) / (2 @9) = p1 &) o1 ()} dody + [y ()
where
(2.6) pz(x, y) = 7['2\1/Z (\/QHQQQ - Q%z + 912 arcsin <\/%>> .
Here
(2'7) A(x7 y) = Kn-i—l(x’ x)Kn-i-l(ya y) - K72L+1(xa y)

and  is the covariance matriz of the random vector (P} (z), Pl (y)) condi-
tional upon Py, (x) = P,(y) = 0:

Q1 Q12
V=
[912 Q22} ’

with
Q1 (x,y) = KLY (@, 2)-

1 (K i) (K9 @) = 2K ) K (0 0) K (,0) + Ko ) (K (5,0))2)
(2.8)
Qo (z,y) = K7(11+11) (Y, y)—

1
< (Kun ) (K5 @9)? = 2K @ ) K (@) K5 (0.9) + Ko (2,00 (K5 (1.9))?)
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(2.9)

Q12(557 y) = Kr(i‘;ll) (l‘, y)_

1
Z[Kn-&-l(% y)Kﬁll) (m, fb’)Kr(S;ll) (,y) — Kpya(z, y)Kr(gﬁll)(% y)Kgﬁll) (y, )

— Kpa (2, ) KO (2, 2) KO (0, 9) + Ko (2, 2) KO (0, 2) KO (3, ).

(2.10)

Proof
See the Appendix. B

To prove Theorem 1.2, we split the first integral in (2.5) into a central

term that provides the main contribution, and a tail term: for some large
enough A, write

b b
/ /{mtuw—pM@prhmdy

// +//‘ {pa (z,y) — p1 () p1 (y)} dz dy
{(a:,y):a:,ye[a,b},m—y\ZA/n} {(ac,y):ac,ye[a7b},|x—y|<A/n}

= Tail 4+ Central.

We handle the tail term by proving the following estimate and a simple con-
sequence:

Lemma 2.3

; A
(a) There exist C1,n0, and Ao such that for n > ng and |z —y| > 22,
C1
(2.11) P2 (2,y) — p1 (2) p1 (Y)] < ol

(b) There exist Ca,ng, and Ao such that for n > ng and A > A,

n
e [ 02 (2.) — 1 (2) py () de dy < O™
{(x,y):x,ye[a,b],\x—yle/n}

Proof
See Section 4. W

Recall that = is defined by (1.7). For the central term we will prove:

Lemma 2.4
(a) Uniformly for w in compact subsets of C\{0}, and x € [a,b] and
y=z+ 5

nw(zx)’

2
213 (o) e - e @n W) =W +ol).
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(b) Let 7 > 0. There exists C such that for z € [a,b], y = © + —%
€[-n,n] and n > 1,

|02 (z,y) = py () py (y)| < Cn.

Proof
See Section 5. W

The second integral in (2.5) is simpler:

Lemma 2.5

b b
(2.14) / pl(:c)d:c:/ w(z)dr+o(1).

Proof
See Section 5. W

Proof of Theorem 1.2
We fix A > n > 0 and split

//{pzx.w o1 (%) p1 (3)} dy do

(2.15) /[/ [+ [ e - n@owna .

where for a given =,

I = {yela,b]:|y—z[>A/(w(x))};
J = {yela,b]:n/(nw(z)) <|y—2| <A/ (nw(x))};
K = {yelab]:|y—z <n/(w(x))}.

If wg is the maximum of w () in [a, b], (recall that w is positive and contin-
uous in [a, b]) then

(@,9) = p1 () p1 (y)} dy da

// lp2 (2,y) — p1 () p1 (y)| dy dx
{(w.):@,y€lab],le—y|>A/(nwo)}

nwo
Cl A )

IN

IN

(2.16)
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by Lemma 2.3(b), provided A/wg > Ag. Next,

b
L @ =@ oy as
b

- /a w(x)/ n<lul<A, {p2 (x’“ nwu(;c)> AR <$+ Wu(x)>} (nwtx))zdu da.

) €la,b]

Note that if n < |u| < A and = € [a,b] but = + @ ¢ [a,b], then z is at a
distance of O (2) to a or b, and in view of Lemma 2.4(b), the integral over
such (z,u) is O (1). Using Lemma 2.4(a), we deduce that

n—oo n

(2.17) _ </abw (=) da;) (/MMA = (u) du> .

Finally, from Lemma 2.4(b), (but with a different fixed n there),

b
lim ~ / /J {2 (2.9) — py (2) py (4)} dyda

b
e | [ ] n@n - n @) < o,

where C'is independent of n,n. Combining the three estimates (2.16-2.18)
over I, J, K, with (2.15) and Lemma 2.5, we obtain

%Var [Ny, ([a,b])] — </abw () dm) </n<|u|<AE (u) du + \}g) ‘

1
< —
< C'<A+77>,

where C' is independent of n, A,n. Now if B > A > Ay, then Lemma 2.3(b)
and Lemma 2.4(a) show that

(/abw (z) da:) /A<u<BE(u) du

L1t
= lim ~ / / {p2 (2, y) = pr(z) p1 (y)} dy dx
a J{y€la,b:Aw(x)/n<y—x<Bw(z)/n}

n—oo n
It follows that | KOO E (u) du converges. Similarly, f:oﬁo = (u) du converges.
So we may let A — oo above and deduce that

Var [N, ([a, )] - ( / (@) d:c) < /u|>f<“> et Jlﬁ)‘

lim sup
n—oo

< Oy /A

lim sup
n—oo

< Ch.
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On the other hand, Lemma 2.3(a) and Lemma 2.4(b) show that if 0 < § < 7,

b
</ w (z) dm) / E(u)du
a <u<n
= lim - / / {p2 (z,y) = p1 (2) p1 ()} dy dz| < Con.
n—oon {y€la,b]:dw(z) /n<y—z<nw(z)/n}
It follows that fo u) du converges. Similarly, ffn = (u) du converges. So

we may let n — 0+ above to deduce the result. W

Proof of Corollary 1.3

Under the hypotheses of this theorem, Badkov even established asymptotics
for the orthonormal polynomials [4, p. 42, Corollary 2| that trivially imply
(1.9). Also, as noted above, since u' satisfies Szeg®’s condition and so is
positive a.e. in [—1,1], it is regular [40, Corollary 4.1.3]. Then the result
follows from Theorem 1.2. W

3. AUXILIARY RESULTS

Throughout this section, we assume that y is as in Theorem 1. We begin
by recording some determinantal and other formulae: let A, Q11, Q12, Q99 be
as in (2.7) - (2.10). Also let

Kng1 (2,2) Koo (2,9) KEZ*E (z, ) KE‘;@; (,9)
31) »= KTB+11)(x,y) KZ6+11)(y,y) K,(Lr’ll) (y, ) K,(llill) (v,9)
KTH’»I (z,y) Kn’l (v,v) anrl (z,y) Knil (y,v)
Lemma 3.1
(a)
Kpi1(z,z) Kngi(z,y)
3.2 A (z,y) = det 1A A ;
(3.2) (z,y) Kni1 (1,2) Knir (1)
(b)
[ K K KO |
n+1 (y,y) n+1\Y, T n+l (v, :IZ)
(3.3) AQy; = det Ko (z,9) K1 (z,2) KS}}) (z,2) |
| ELY @y KO (@) KLY (@) |
(c)
[ K K KO 1
n+1 (iL‘,IB n+1( ay) n+11 (x,y
(3.4) Mgz = det | Ky (5,2) Kot (1,9) Kﬁ}’lf (.9) | ;
| KLY ) KLY ) KGY () |
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(d)
(0,1)
Kn+1 (35',1‘) Kn+1 (l’,y) Knarll (ZE,.T)
(3.5) Ay =det | Ky (y,2)  Kny1 (y,y) Kq(w;l) (y, )

1,0 0,1 1,1
Kol (o) K% ) K ()
(e) Let ¥ be given by (3.1). Then
(3.6) (211002 — QFy) A = det ().

Proof

(a) - (d): These follow by expanding the determinants for example along
the bottom row.

(e) This can be established using Sylvester’s determinant identity [5, p. 24,
Thm. 1.4.1]: if B is the 4 x 4 matrix whose determinant is ¥, then

det (B) det (3374;374) = det (B3;3) det (B4;4) — det (B3;4) det (B4;3)

where Bs 4.3 4 denotes the 2 x 2 matrix formed from B by removing the 3rd
and 4th rows and columns of b, while B,.s denotes the 3 x 3 matrix formed
from B by removing the rth row and sth column. This identity and (a-d)
yield

det (2) A = (AQ2) (AQ) — (AQ12)?.

Note that in identifying det (B4,4) with AQ;q, we have to swap the 1st and
2nd rows and columns. Moreover, we use that B4T;3 = DB34. N

Next, we record some estimates on the reproducing kernels and their
derivatives:

Lemma 3.2

Let [a,b] be a subinterval of (a',b"). Then for r,s =0,1 and r = 2,s = 0;

and for all n > 1 and x,y € [a,b],
Cnr+s

3.7 \K,gm oy < —

Proof
First we note that since p has compact support [20, p. 41],

Cy = sup Tn-t < 00.
n>1 Tn

The Christoffel-Darboux formula asserts that
o Yn—1Pn (l‘) Pn—1 (y) — Pn—1 (:E) Pn (y)

K, (z,y) =
so that using our bound |p, (z)| < C for z,y € [d/, V'],
2C,C%
[ ()| < T2

lz —y|
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Moreover, by Cauchy-Schwartz,
1/2 1/2

n—1 n—1
K (z,9) < | D9 (2) iy | <Cn
j=0 j=0
Combining the last two inequalities gives

. 20,
K, (z, SCZmln{,n}

so that (for example, using the inequality between arithmetic and harmonic
means) we have the result (3.7) for r = s = 0. Next,

KO (2, y)
_ T <p% (@) Pn-1(¥) =21 (@) P (¥) | Pt (@) Pa (y) = Pu-1 (v) Pu (:p))
Tn -y (z —y)* '

(3.8)

To estimate the derivatives, we use Bernstein’s inequality for derivatives,
namely for polynomials of degree < n,

n
1Pl —11y>2 € (=1,1).

< -
T V1 — 22

This has the following consequence: for j,n > 1 and polynomials P of degree
<n,

| (=)

HP(]’)HLOO[@[,] < Csn? HPHLOO[QI,U] .

Here C3 depends on j,a,b,a’, b’ but not on P nor on the degree n of P. It
then follows that for j = 0,1, 2,

Cy = sup ||pY) /n? < .

n>1

‘Loo[a,b}

Also then, from (3.8), for x,y € [a, ],

2
K @] <20, { 2904 O

[z =yl |z —y)?
Next, by Cauchy-Schwartz,

- 2 g 1/2
KM @y < [ Sr@? ] ([Yrw)] <com?
=0 =0
Thus
‘K(l’o) (:c,y)’ <C5min{ n ! 2,712}
lz—yl |z —y
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This yields (3.7) for r = 1,s = 0. Of course 7 = 0,s = 1 follows by
symmetry. Finally,

Yn—1 (pil () Py (¥) = Py (@) 17, (¥) Py (2) Pt (Y) — Py () Pu ()

Kty = = Ty i (z —y)°
Pn—1(2) Py (Y) = D1 (W) Pn (2) | Pp—1 () pr () — Pr—1 (y) Pn (@)
! (=) . T )

Thus using our bounds on {pg)} ,J =0,1,2, gives for x,y € [a,b],

2 1
K1) ‘ <C n n
‘ n (x,y) > Ug |l‘—y|+‘x—y‘2+|qj—y‘3

and again Cauchy-Schwartz gives

n—1 1/2 n—1 1/2
‘KS’” (rc,y)( <> p(@)? S pi@)? | <o’
i =0

This and the previous inequality give (3.7) for r = s = 1. The case r =
2,5 =0 is similar. ®
Next, we record some universality limits. Recall that S is defined by (1.3):

Lemma 3.3

Let [a', V] be a subinterval in the support of w such that p is absolutely con-
tinuous there, and ' is positive and continuous there. Let [a,b] C (a',b').
Let r,s be non-negative integers. Then

(a) Uniformly for x € [a,b] and u,v in compact subsets of C,

(3.9)
(r,s) ( u v )
K z+ T+ r4s
. n nw(z)’ nw(x) 1 5 qris)
1 - (-1 _ ).
(b) Let
3.10 0, r+sodd
. e %7 r+seven
Then uniformly for z € [a,b],
i 1 7S r+s r+s
(B11) i K () i (@) = A )
and
(r,5)
1 Ky , e
(312 finn D) () e

n—oo n’ts K, ($, .’l?) '
(¢) In particular, uniformly for x € [a,b],
1
(3.13) lim — K (z,2) =0

n—oo n2 n
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and for r=0,1,
(3.14) KU (z,x) > Cn? L,
(d)

2
(3.15) S"(0) = —3
Proof

(a) We start with a result of Totik [43, Theorem 2.2]: uniformly for z € [a, b],
and u, v in compact subsets of R,
1

(3.16) lim EK" (J: + %, x + %) W(z) /w(x)=5((u—2v)w(x)).
In particular, it then follows that uniformly for z € [a, ], and u in compact
subsets of R,

Ky (z+ %o+ Y)

lim

=1.
n—o0 K, (z,x)

Theorem 1.1 in [31, p. 375] then asserts that uniformly for = € [a,b], and
u, v in compact subsets of C,

v

lim Bn (m T K@@ T Ku@o) @)

) s

u—0).

Here the uniformity and Totik’s (3.16) allows us to replace K, (z,z) 1 (z)
by nw (z): uniformly for x € [a,b], and u,v in compact subsets of C,

(3.17) lim fon <x T E T nwv(w)
’ n—00 K, (z,x)

=S(u—v).

This is the case r = s = 0 of (3.9). Because the limit holds uniformly for u,v
in compact subsets of C, we may differentiate this asymptotic with respect
to u,v to get the general case of (3.9).
(b) For the special case where the support of p is [—1,1], this is Corollary
1.3 in [32, p. 917]. There it was shown that [32, p. 937]
o W

(3.18) Su-v)= > TR Tk

j,k=0

so we can reformulate (3.9) for r = s =0 as

Tim i (#@))J (ﬁ(m))kf@(zj’k) (z,2) _ i w ot ik
j,k=0

5! K Kn(z,2) R Tk

4,k=0

Comparing coefficients of like powers of u,v gives (3.12). That this holds
uniformly in x for a given r,s follows easily from the uniformity of the
original limit in z (cf. [32, p. 938]). Finally Totik’s limit (3.16) gives

lim LK (2, 2) 1 () o (2) = 1,

n—oo N
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uniformly for z € [a, b], so we also obtain the first asymptotic (3.11).
(c) This follows directly from (b).
(d) From (3.18),

(3.19) Su)=>Y_ S0

»

So §” (0) = 7T27'270 = —%. |

4. THE TaAaiL TERM - LEMMA 2.3

Recall that p;, p, are defined by (2.4) and (2.6). First write
1

4.1 . 7
(4.1) p1 () Koy (.0) (z)
where
(4.2) W (z) = K5 (@,2) Kng (2,2) - KO (2,0)2.
Next, write
(4.3) P (2,y) — p1 (7) py (y) = Th + T2 + T3,
where
1 2
To= o (@02 - 0h) A - VI T () );
1 . |12 >
T = ——|Q — ]
2 772\/Z| 12|Mcsm<\/911922
1 /1 1
44) T3 = —(=—— T (2) W (y).
W) = (A KnH(:c,x)KnH(y,y)) @)

We estimate each 1" term separately. It is the following lemma that contains
the main idea, namely cancellation using Laplace’s determinant formula:

Lemma 4.1
There exists Ao > 0 such that for all x,y € [a,b], with |z —y| > Ao/n,

C
(4.5) |T1| < —3-
(Jz =yl +5)
Proof
Write
Tl _ (QHQQQ — 9%2) A—-T (ac) )\ (y) _ Num

722 [ /(@0 —05) A+ T @ T ()| Denom
The numerator is (recall (3.6))
Num = (QuQxp — Q) A~ (2) ¥ (y)

— det(S)— U (2) T (y)
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K1 (2,2)  Knea (2,9) KW?WJ)K@?QW)
~ et | K @0 e 09) K 0.2) Ko (00)
K7 (zy) K0y (vy) Ky (zy) K7y (v,9)
—det Kn—H (IL’, .%') K’r(g—ll) ($,$) det Kn—l—l (yay) K;Elill) (yv y)
e (0,1) (1,1) e (0,1) (1,1)
Kn+l (z,z) Kn+1 (z,z) Kn+1 (v,v) Kn+1 (v, y)

Let B be the 4 x 4 matrix above. Then we can write this as

1 3 2 4
Num = det [B] — det [B<1 3)]det [B(Q 4>]
where B ; Z denotes the matrix formed from B by taking the elements

that lie in rows r, s and columns j, k. Now let us use Laplace’s determinant
expansion [27, p. 37]: we have chosen rows 1, 3. Laplace’s expansion gives

= 8 rertaals (G4 ) e (53]

1<j<k<4
where B¢ is formed from the complimentary rows and columns. The choices
for (j,k) are {(1,2),(1,3),(1,4),(2,3) (2,4),(3,4)}, This gives det (B) as a

BEdae

sum of 6 terms, one of which is det [B < 1 3 5 4
1 3 4
12>dap< 4}

Num = —det [B <

2
3
_@tg(}j)]@ﬂg(gg)]_@ﬂ3<; )]@ﬂ3<f
+ det B(é 2)]@%3(% g)]-dm[B(é )]da[B(f
r Kn Kn (0,1) (0,1)
T (z,) il (z,9) ]det K?ﬂl) (y,z) K(ﬂl) (y,y)
L Kn+1 ( ’ ) Kn+1 (y,ZE) Kn+1 ("E7y) Kn+1 (y7y)
_@tl%%@w)K%E@w)dﬁ K1 (4:9) Q%y%m
L Kn-f—l (iL’,:B) Kn—|11 (w,y) 1 L Kn—{-l (yvy) Kn—{-l ($,y) 1
—det | B (220) K%%@w)dﬁ K (.9) K@Ema
L Kn-(—l (y,x) Kn-(—l (.’II,&?) ] L Kn-{-l ("Evy) Kn-{-l (yvy) i
i 0,1 1 i 0, T
+®tz%%uw>K%£mw>dﬁ K (2.9) @ﬁy%m
L Kn+71 (y7$) Kn+71 (Q’J,y) i L KnJLI (:Uay) KnJél (CU,y) 1
et g%@m>K%ya @%f%%@w K1 (5:9)
n—lil ( 71;) Kn-f-l (.’L‘, Kn—{-l (Qf,y) Kﬁ,-{-l (yay)
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Using the estimate (3.7) and that (|z — y| + ) < n, we continue this as
N OQzQ+) O(xm+) ()
0 (n%) O(m;+ O(mm+) (")
| e ol | ot o
L z=yl|+5 /) L Tyt /
(i) )
| & oy 2 S B R\ "
O (i) () | | O Gemmn) O (o 1)]
+ det |lz—yl+5 lz—yl+5 det lz—yl+5 lz—yl+5
e {()<x;+i) C)<u:j+%) | e _()(mf;+$) (7<w,ﬁ+%)
e | OO0 (j(u—;+%) _ _()(m—ﬁ+%) On)
det O (n?) © <|zfj+%) | det _ o <‘x,g|+%) 0 (n?)
nb
s (r=r=]
Thus
6
(4.6) Mm:o(@%ZHif)
Also

Denom = m2A {\/(911922 — D) A+ /U (z) ¥ (y)]
> 1AV (2) T (y).
Here from (3.14) and (3.13),
U (x) = K,(LlJrll) (z,2) Ky (z,2) — KOV (2,2)? > Cn* — 0 (n*) > Cn®.
Also from (3.14) and (3.7),

| A B K2 (z,y)
Ky, (z,2) Kn (y,y) Ky (z,2) K, (y,y)
C
<
(lz =yl + )" n?
C 1
- 2§77
(n]e—y|+1)° ~ 2
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if |x — y| > Ao/n with Ag large enough. Then

1
(4.7) A > §Kn (z,2) K, (y,y) > Cn?
and
(4.8) Denom > Cn®.
Then combined with (4.6), this yields
Num C
71| = ‘

|
Next, let us deal with T5 :

Lemma 4.2
There exist Ao such that for all x,y € [a,b], with |z —y| > Ao/n,

(4.9) IT>| <

Proof
Recall that

Q
|To| =T = |212] arcsin <’12’> .

1
m2V/A V1122

From [sinu| > 2 [ul, |u| < %, we obtain for |v| < 1,

2 .
— |arcsinv| < |v
s
SO
__ 1 Q1A
o 27TA3/2 vV 911922A2‘

Here from Lemma 3.1(d) and Lemma 3.2,

(4.10) T3

Kn+1 (l‘, J:) Kn+1 (l‘, y) K 0’]i) (‘TVCC

QoA = det | Kop1(y.2) Koo (yy) KO (g
1,0 0,1 1,1

L K7(7,+1) <y7$) K7(7,+1) (yay) Kn—i—l) ( x

[ o O0(—t+) o

le—yl+2
= det| O (m) O (n) 0 (\w—;H%)
o(r) 00 o(p)

We expand by the first row and continue this as

(4.11) smA=o<7#>.

i
|z —y| + -
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Next, we examine 17 and 93. From Lemma 3.1(b), followed by (3.7),
(3.13),

Y)
A = det | Kooy (zy) Kop(mz) KO (s,

;
[ Knlw) O(5mr) 0()

n n

)
( 1 > K1 (2, 7) o (n?)
(srr) o0 Ko

Expanding by the first row, and using Kr(zrl) (z,z) =0 (n%“), we see that

= det

QuA = Ky (y,y) {Kn-H (z, ) K&? (z,7) -0 (n4)}
1 n3 n3
o — Yo" J+ol "
(s o (=)~ ()
n n2 'n/2
ol —"2 Vol " Jtof "
(=is) 1o (i) o (i)

so if |z — y| > Ag/n, and Ay > 1,

5
1,1 n
A = Kup1(y,y) Knya (v, 2) KTSH) (z,2) — o (n°) + O (A%)
5 5 n° > Chin®
(4.12) > Cn —o(n)+O A—g > Cin
if Ap and n are large enough, by (3.13) and (3.14). In much the same way,
Kuia (2,2) Knia (w9) K2 @y
QA = det | Kpp1(y,2) K (,y) K3 (1)

1,0 1,0 1,
K7(7,+1) (y, ) K7(~b+1) (v, ) K7(~b+11) (¥, 9)
n5
= Kni1 (2,2) Kng1 (9,9) K5 (99) — 0 (n°) + 0 <A(2)>

(4.13) > Cynb.
Then combining (4.10-4.13), followed by (4.7),

4 ? 1 1 1 ?
n
T, < C —<Cc|—1 .
‘= (\w—yHi) A3/2nd — (Iw—y|+i>
(]

Next, we handle T3 :
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Lemma 4.3
There exists Ao such that for all x,y € [a,b], with |x — y| > Ao/n,

C
(4.14) T < ————-
(Jz —yl+3)
Proof
Recall from (4.4),
1 /1 1
T3 = — | —-— v v
3 w2 <A Kn+l (ﬁ,l’) Kn+1 (ya y)) (x) (y)
1 K2+1 ($7y)
- n v (x)W
2 AKn+1 (CL’, SU) Kn+1 (y) y) ( ) (y)
c 4
< 2 n
(lz =yl + )" An?
C
< —
(lw =yl + 1)

by (3.7), (3.11), and (4.7). Note too that 73 > 0. W

Proof of Lemma 2.3(a)
Just combine the estimates for 17, 75, T3 from Lemmas 4.1, 4.2, 4.3 and re-
call (4.3). &

Proof of Lemma 2.3(b)
From Lemma 2.3(a), for y € [a,b],

/ 192 (2.9) — p1 (2) pr () da
{z€lab],|lz—y|>A/n}

C
< / 5dz
{w€lab],le—y|>A/n} |T — Y|
20
S / 2 A 2dm
{z€lab],le—y[>A/n} |z — y|* + (2)
<

/°° 20 o
oo o — gt ()

We make the substitution x —y = %t in the inner integral:

n 2C

= — ———dt.
A R\[fl,l] t2 + 1

Then (2.12) follows. B
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5. THE CENTRAL TERM - LEMMA 2.4

Recall that A, Qq71, Q99,219 were defined in (2.7-2.10), while S, F, G, H
were defined in (1.3-1.6):

21

Uniformly for w in compact subsets of the plane, and uniformly for x € |a,b]

and y=a+ nw(m)
(a)
011092 — O) A
(5.1) (195 — Q) ( 1
Kny1 (2, 1) nw (
(b)
A

(5.2) _

Kn—i—l ( )
(c)

AQ
(5.3) 1 - (nw )

Ky (
(d)
(5.4) Aldy < >
Kyt (

(e)

Q12A 1 2
(5.5) 28 ( )

Ky (z,2)° \nw (o)

Proof
We repeatedly use that ﬁ%

4
$)> =F(u)+o(1);

G (u) +o(1);

G (u) +o(1);

H(u)+o0(1).

(a) Recall that ¥ was defined by (3.1). Then (3.6) gives

(2192 — OF) A

Kn+1 (1‘,

z)?

()

=1+ 0(1), as follows from (3.9).

~ det® < 1 )4
- 4
Kn+1 (flj, x) nw (‘CU)
i 1 Kn+1(2,y) K%Y @e) 4 K@y i
Kpy1(z,x) KZ6+11)(2,33) nw(x) KZLOJrll)(x,z) nw(z)
Kny1(z,y) Kni1(y,y) K, 7 (yz) 1 K07 (wy) 1
_ det OK;L+1(-Z'7$) ([g)TH*l(w’x) ({(l’rs+1(xvr) nw(m) ({(ﬁ+l(x7x) TLL«)((E)
Koy o) 1 KSVwe) 1 KRR e (1 2 KSR @w) ()2
Kpti1(z,x) nw(z) Kpyi(z,x) nw(z) Kpyi(z,z) \ nw(z) Kpyi1(z,x) \ nw(x)
Ky 1 K)o KRYe) (1 NG (1 )
| Knp+i(z,x) nw(z)  Kpti(z,z) nw(z) Kpti(z,z) \ nw(z) Knt1(y,y) \ nw(z) |
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Here we have factored in
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1( ) into the 3rd and 4th rows and columns. Using
(3.9) and recalling that y = = + —

(I), we continue this as

1 S(—u) =5(0) =95 (-u)
- S (—u) 1 =5 (u) -5"(0)
= det —5'(0) =S8 (u) —S"(0) —S"(—u) +o(1)
—S"(—u) =5"(0) =S"(—u) —S5"(0)
1 S (u) 0 S (u)
B S (u) 1 -5 (u) 0 _
= det 0 —8 (u) —=S8"(0) —S8"(u) +o0(1)=F(u)+o(1)
S’ (u) 0 —S5"(u) —=S8"(0)
as S is even, so S’ is odd and S” is even.
(b) From (3.9),

A il 1 S(-u)
T =t ke Kanl) | = det [ S(—u) 1
K1 (2, 2) Koii(z2)  Foy1(e)

(c¢) From Lemma 3.1(b) and then (3.9),
AQy, < 1 >2
Kpy1 (z,2)* \nw (2)
[ Kni1(y,y) Kni1(y,x) K7(10+11)( 2) 1
Knpy1(z,x) Kny1(z,z) KZL+1(93 x) nw(z)
— Knt1(z,y) K’n 71 (zz) 1
det Eoa(ea) o 7{@11@ 2) n(@)
K@y 1 Kip@e) 1 Kl () ( 1 )2
| Knt+i1(z,x) nw(z)  Kpti(zz) nw(z) Kpti(z,z) \ nw(z)
1 Su) =5 (u)
= det | S(—u) 1 =S5"(0) | +0(1)
I S (_u) _S/ S” )
1 S (u) —S’
= det | S(u) 1 (u)+o0(1),
| =5 (u) 0 S”
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recall (1.5).
(d) From Lemma 3.1(c) and then (3.9),

A ( 1 )2
3
K1 (z,2)" \nw (2)
[ 1 Knt1(z,y) Kv(g’rll) (z,y) 1
Kni1(z2) KZLO+11)($7$) nw(x)
= det Knt1(y,z) Kn+t1(y,y) Knin (9y) 1
1fggz+1(w) (fg;wl(z ) (K1n)+1(96755) nw(x)
KPwe) 1 KD K5 ) ( 1 )2
L Knt1(z,2) nw(z) Kppi(zz) nw(z)  Kpyi(zz) \ nw(z)
1 S(—u) =S5(-u)
= det | S(u) 1 =S5"(0) | +0(1)=G(u)+o0(1)
i S"(u) S'(0) —=S"(0)

as S’ is odd, and we can multiply both the 3rd row and 3rd column by —1.
(e) From Lemma 3.1(d) and then (3.9),

Q12 < 1 >2
Ky (z,2)° \nw (2)
i ) Kngi(zy) K%Y (@a)
Kot (za) KELO+11)($»%’) nw(z)
— det Kni1(y,x) Kny1(y,y) K, 7)) 1
Kialoa) Een(eo) Fopi(.) ma(e)
K’!(L+1)( ) 1 K7(L+1)(?J’y) 1 K’V(L+1)(y7 ) ( 1 )2
| Kn+i1(zx) nw(z) Kpti(zr) nw(z) Knpga(z,e) \ nw(z)
1 S(-u) 0
= det | S(u) 1 —S"(u) | +o0(1)=H (u)+o0(1),
| S (u) 0 —5" (u)

recall (1.6). W

Now we can obtain the asymptotics for py (z,y) —

(2.13):

Proof of Lemma 2.4(a)
Recall as in (4.3)-(4.4), that

p1 () p1 (y) stated in

2
<W1(x)> {02 (x,9) = p1 (=) p1 ()}

(5.6)

— <W1(x)>2{T1 + 15+ Ts}.

We handle the terms 7}, 7 = 1,2, 3 one by one:

Step 1: T}
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Firstly from (3.9), (3.10), (3.15), and (4.2),

U (z) 1 \?
Kn+1 (m, 33)2 (nw (m)>
_ Kﬁ;ll) (z,x) B ng;ll) (x,z) 2 ( 1 >2
B Kn+1 (ZL‘, CL‘) Kn+1 (:I;a CL‘) nw (1‘)
2
= —5"0)+o0(1) = 3—1—0(1).

Also, from (3.9), uniformly for u in compact subsets of C,

v (y) Ly
K, (:13,33)2 (nw ($)>
(K e Ky (K @) ( 1 )
Knt1 (z,2) Kny1 (2, 2) Kyt (2, ) nw (z)

(5.7) = —S"(O)—i—o(l)z%—i—o(l).

Then
() 2
T, T 4 T 2
e [ ()]

A2
1 2\ ?
= (15(u)2>2 (3> +o(1),

by the above and Lemma 5.1(b). Hence also with an obvious choice of
branches, uniformly for v in compact subsets of C\ {0},

(5.8) (nwl(x))2i T (@) () = 1_31@)2 (i) +o(1).

(Note that A occurs outside the square root, and only it leads to the pole
at 0). Then from (5.1) and (5.8), and recalling the definition of 77 at (4.4),

1 2
()
 Ken(eo? [Oufm 0RA (1 V1 oo
- T2A \/Kn+1 (IL‘,CC>4 (nw (%))4 (nw (;U)) T2A \Il( )\Il(y)




VARIANCE OF REAL ZEROS 25

Step 2: 15
From (4.4),

()
" [ () e (i)

T2A3/2
1 .
— S (1 - S(u)2)3/2H(U) arcsin (G(u)> +o(1),

by (5.2) - (5.5).
Step 3: 13
From (4.4) and (5.5),

(o)

(Y Kns1 (z,y)°
- <nw(m)> 2 (AKn+1($,$)Kn+1(y,y)> U (z) ¥ (y)

T
g

by (5.8) and (3.9). Substituting the asymptotics for 7}, j = 1,2, 3 into (5.6)
gives

2
( ! ){p2<m,y>—pl<w>m<y>}

nw ()

2

1 m H (u) - ((H (u)
— S (1 - S(u>2) { F (u) — 3 (1 - S(u)Q) + Warcsm (

= Z(u)+o(1),

recall (1.7). W
We next deal with u near 0, which turns out to be challenging. First, we
prove

Lemma 5.2
(a) A (m,x + %) has a double zero at w = 0, and there is p > 0 such

nw(

that for all = € [a,b] and n large enough, A (:L‘,33+ L) has no other

nw(z)
zeros in |u| < p. Moreover, uniformly for w in compact subsets of C, and
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x € [a,b],

Aert @) _1-sw?

n— oo il (.%', x)Q u2 - u2

(5.9)

The right-hand side is interpreted as its limiting value at u = 0.

(b) [(911922 — Q%Q) A] (:10,33 + > has a zero of even order at least 4 at

nw(z)

u = 0. Moreover, uniformly for u in compact subsets of C, and x € [a,b],

01109 — Q2
lim (D112 29) ( 1 F (u)
nw

(m)> ) (1-s@?)”

The right-hand side is interpreted as its limiting value at u = 0.
Proof
(a) First,

A(x,x—i—TJ(:C))

2
u u u
= K K — K
nt1 (T, 2) Kpgq (w—i— e (x),x—i- o (w)) n+1 <9€,$+ o (:1:))

is a polynomial in u, and by Cauchy-Schwarz is non-negative for real u, with
a zero at w = 0. This then must be a zero of even multiplicity. But since

A($,$+7

n—o0 A

lim ”“’("’;)> —1-5(u)?
n=0 Kpir (2, )

Y

uniformly in compact sets by Lemma 5.1(b) and (3.9), and the right-hand

side has an isolated double zero at 0, it follows from Hurwitz’ Theorem and

the considerations above, that necessarily for large enough n, A (x, T+ #@C)

SN—

has a double zero at 0, and no other zeros in some neighborhood of 0 that is
independent of n. Since the convergence is uniform in x, the neighborhood
. A(m,x+#(z)) .

may also be taken independent of . But then Koi(ea) is a se-
quence of polynomials in u that converges uniformly in compac‘gb 23111bsets of
C\ {0} and hence also in compact subsets of C.

(b) Recall (3.6):

(211002 — OF,) A = det ().

Here det(X) is also a polynomial in u when y = z + #(I) As in the proof
of Lemma 2.2 in the Appendix, 3 is a positive definite matrix when = # y,
so is nonegative definite for all z,y. Then det(X) > 0 for real z,y while
det (¥) = 0 when v = 0. Thus as a polynomial in u, det(X) can only have
an even multiplicity zero at u = 0. We need to show that it has a zero of

multiplicity at least 4 when u = 0. By a classical inequality for determinants
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of positive definite matrices and their leading submatrices [6, p. 63, Thm.
7], when y is real,

1,1 1,1
Ky () Ko @)
Koy (xy) Kpiy (y:9)
We already know that A has a double zero at u =0 for y = = + #(x) But
the second determinant also vanishes when y = z, that is u = 0. It follows
that necessarily as a polynomial in wu, det (X) has a zero of multiplicity at
least 4 at u = 0. Then

0 <det(X) <A(z,y)det

QHQQQ — Q%Q o det (2)

A A2
has a removable singularity at 0, since the zero of multiplicity 4 in the
denominator is cancelled by the zero of multiplicity > 4 in the numerator.
Then from (5.1), (5.2), uniformly for z € [a,b] and u in some neighborhood

of 0,
Qo — 0%, /1 \*
A nw (x)

_ (QHQQQ — 9%2) A < 1 )4 [Kn—i-l (.’L‘,ﬂ?)2] ?
K1 (z,2)* z)
= ——— +o(1).
(1-sw?)’

Moreover, since S (u) = 1 only at u = 0, this limit actually holds uniformly
for v in compact subsets of C. B
Next, we deal with the most difficult term Q5 :

Lemma 5.3
(Q124) <:L",:E + #@)) has a zero of multiplicity at least 3 at uw = 0. More-
over, uniformly for u in compact subsets of R, and = € [a,b],

. Qg 1’ H (u)
lim = 373"
n—o0 /A \nw () (1— S (u)
The right-hand side is interpreted as its limiting value at w = 0. In addition,
uniformly for w in compact subsets of R, and x € |[a, b,

[ arcsin( [©1] ) ( 1 )2 <C.
VA V1122 nw(z)) ~

Proof
We first perform row and column operations in the determinant defining
A1o and then expand using Taylor series. More precisely, we subtract the
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first row from the second; then the first column from the second; and then
subtract ﬁ x the second row, from the third:

QA
[ Ky (ZL',ZL‘) Ky (:177 Kr(g—ll) (xal')
0,1
= det Kn1+01 (y, ) Kno+11 (v, y Kflf_ll) (y, )
| KLY ) KOV () KGY (5,2)
K1 (2, 2) Kovi (2,y) 01Kﬁ9@ﬂl
= ®t-KHM%H)KmM$@ Ko (0:1) = Ko (2.9) m;a%@nKasuw>
i KLY (y,2) ESY (4,9) KLY (y,2)
[ K1 (z,2) Knpi1(z,y) — Kny1 (7, ) Kﬁ? (z,z)
K, + K, 0,1 0,1
= det | Koea (5:0) = Ko () St G0V st (0004000 ) - 1003 (.
KLY (v, 2) KXY () - K89 (v, 2) KLY (y,2)
Kpi1 (z,7) K1 E;p y§ KnHE g K (2,2)
B K1 + Kpy1(z (0,1) (0,1)
~ det Kn-‘rl (yvx) Kn-‘rl (w7x> 72KTL+1 (.T y) Kn—i—l ( Y, ) Kn—i—l (x ‘T)
KN (v, 2) KLJ@y)JQHN%> K (y,2)
_Kn+1(y7) K1 (2,2) K1 (y9)+ K (2,2) = 2K 41 (2.,9) Kﬁi)(y,) K%Y (@)
L —T y—x y—1
(5.10)

Let us examine the entries in the second and third rows.
between z, vy,

Kn+1 (yv £E) (t, ;U) (y - .’L') =0 (n2 (y - CL’))

by Lemma 3.2. Second, using the estimates from that lemma, for some r, s, v
between x, v,

First, for some t

- KTH-l (.%',.’L') n+1

Knt1 (4, 9) + Knia (2, 2) = 2Kn11 (2, 9)
= Koo (0,2) + (- 2) 2K0 (0,2) + 5 (v — o2 { KLY () + K29,
+&HMam—2{mwu%xwwy—@K$?ua»+iw—xfkﬁﬁ
= -2 {K )+ KLY ) = K0 (2,9)

0 (n3 (y — 33)2) .

K% (y,2) - K%Y (@2) =0 (n® (y — ) .

r}

(.5}
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Fourth, for some ¢ between y, x,

1.0 Kn 1Y, T —Kn 1\T,T
K,,(H_l)(ya ) +( :Z—LU +( )

= K8 (g,2) - K59 (8,2) = 0 (0P (y — ).

Fifth, for some r, (, s between y, z, with 7, s as above,

Kny1 (4, y) + Knyr (w,2) — 2K, 11 (2, y)

K89 (y,y) - ki$<,w—

y—x
= -2 K3 0.0 - w—o) {K3) () + K3 () - K07 (@,9)
- @—xﬂk&3<,> &i< r) = K& () + K2 (2,9}

= 0 (n4 (y - $)2> )
by the estimates in Lemma 3.2. Sixth, for some £ between z, vy,

K01 K01
KLY (y, ) — nit (@) — Ky (@, 2)

n+1 y—x

= KXY o) - kY o) =0ty - a).

Then substituting all these into (5.10),

Q10A
O (n) O (n?(y—uz)) O (n?)
— det | O(*(y—=) O(nP(y—a)*) O(n’(y—=x))
O(n*(y—=) O(n'(y—=2)*) O(n'(y—u)
O(n) O(n?) O(n?)
= (y—a)¥det | O (n*) O(n®) O(n*) | =0 (nS (y — $)3>
O(n*) O (n4 O (n4)

Here we extracted factors of y — x from the second and third rows, and

then the second column. It follows that (212A) (a: T+ W) has a zero

of multiplicy at least 3 at 0. Then QZ—%A is a polynomial in u, and Q—\/% =

Q1A
u3

3/2
(“Kz) , which is analytic in some neighborhood of 0 that is indepen-

dent of n,x,u. The uniform convergence in (5.5) gives uniformly for u in
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compact subsets of R,
Qg (1 \?
V% ()
Q12A 1 2| Ky (z,2)3
Koyt (2, ;p)3 <nw (m)) ] A3/2
H (u)

= —(1 - S(u))3/2 +o(1).

Also then, H (u) necessarily has a zero of multiplicity > 3 at 0. Finally,
uniformly for u in compact subsets of R,

‘(\;? arcsin <\/%> (nwl(fr))z
e () =c
n

Now we can deduce the desired bound near the diagonal:

Proof of Lemma 2.4(b)
Recall from (2.6) that

1 2
el ()
1 01102 — Q2,2 . |212] 1 2
1 _ Pl <
2 <\/ A T Vo) Gew) ¢

by Lemma 5.1(a), (b) and Lemmas 5.2 - 5.3. Next, from (4.1), followed by
(5.7), (with u = 0 there)

pr(z) 1 ¥ (x) :L o
(511) nw(z) 7T\/Kn+1 (z,2)? (nw ())> V3 ol

and a similar asymptotic holds for p; (y). It follows that

2
s o) = @ )l () =

which gives the result, since w is positive and continuous in [a, b].

Proof of Lemma 2.5
This follows directly from (5.11). W
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6. APPENDIX - PROOF OF LEMMA 2.2

In this section, we prove Lemma 2.2. The functions p,y (x,y) and p; (z,y)
arising in (2.5), are called the second and the first intensities, or the two-
point and one-point correlation functions of zeros, see, e.g., [22, pp. 7-8].
By their defining properties, we have

b
B[N, ([a,B))] = /pu>d
and
E [Ny, ([a, b]) (Nn ([a, b]) — 1)] //pgwy dz dy.

Thus the variance of real zeros of random orthogonal polynomials in an
interval [a,b] C R can be written as in (2.5) by completing the following
steps:

Var [Nn ([a7 b])]
= E [Nn (la, b)) — B[N, ([a, b])ﬂ
= B[N, ([a.b]) (Na ([a,0]) — 1)] = B [N, ([a,0))]* + E[N, ([a, b])]

=//p2wy dx dy — //m z) py ( dwdy+/p1

z//hmwMMmemUMMw/m(M

a

We follow the argument of [21] in several parts of this proof. For z,y € R,
define the random vector

T
V =V(z,y) = (Gn(x),Gn(y), Gp(z), G1(y))
and observe that the components of this vector are Gaussian random vari-
ables satisfying
E[G,(x)] = B[G,(x)] = 0, Var[G,(z)] = Kpy1(z, ) and Var[G, (z)] = K4 (2, 2).

The covariance matrix % of V is defined by

Y =3%(z,y)
Var[G, ()] Cov[Gp(x),Gn(y)] Cov[Gyp(x),G(2)] Cov|Gn(x), G (y)]
_ | Cov[Gy(y), Gn(z)] Var[Gy,(y) Cov[Gr(y), Gy (x)]  Cov]Gn(y), G (y)]
Cov[G),(x),Gn(x)] Cov[Gy,(z), Gn(y)] Var|G, (z) Cov|[Gy, (), G, (y)]
Cov[G),(y), Gn(x)] Covl[G)(y),Gn(y)] Cov|[G)(y), G (z)] Var[G, (y)]
Kngi(z,2) Knp(zy) Ko)(z) KGY ()
_ K%il(wﬁy) Kr&l(y,y) Kgll’il)(yw) Kﬁ?ﬁ?(y,y) ’
K%gam K@ﬁym K%ﬁa@ Kﬁﬁ%w
KnJél (m,y) KnJél (yay) KnJél (xvy) Kn+’1 (y,y)
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(6.1)

exactly as in (3.1). When x = y, the first row of ¥ is the same as the
second row, and hence det ¥ = 0. Our first goal is to show that V has the
multivariate normal distribution with mean zero and the covariance matrix
Y when  # y and n > 3. This follows in a standard way, e.g., from [23,
Corollary 16.2], by proving that ¥ is positive definite, which amounts to
showing that o7 X7 > 0 for all nonzero ¥ € R*. Recall that any covariance
matrix is positive semi-definite [23, Theorem 12.4], i.e., ¥/ X7 > 0 for all
7 € R* This means we only need to demonstrate that ¢ 7 = 0 implies
7= 0. For a vector ¥ = [vl Vo U3 1)4]T, observe that
n

78T = Var[i" V] = (v1pi(@) + vapi(y) + vap () + vapy, (1))
k=0

It is clear now that ¢/ X4 = 0 if and only if
(6.2) v1pk(x) + v2pr(y) + vapl () + vapp(y) =0, k=0,...,n.

But this system of equations has only trivial solution @ = 0. Indeed, if we
write

n
Qu(t) = D_bp;(1),
j=0
where {b;}7_ C R is arbitrary, then (6.2) implies that

(6.3) 01Qn () + v2Qn(y) + v3Q;, () + v4Qy(y) = 0.
Since {p;(x)}7_, is a basis for the vector space of all polynomials of degree
at most n with real coefficients, the set of all polynomials @, (t) coincides
with this space. In particular, since n > 3 and x # y, we use the following
choices for @, in (6.3) to conclude that
Qn(t) = (t—z)(t —y)? = v3 =0;
Qu(t) = (t—x)*(t —y) = v = 0;
Qn(t)=t—y= v =0;
Qn(t)=t—x = vy =0.

We now write ¥ in the following block form

(6.4)
Knii(2,2) Ko(ey) KOV (@2) K%)(@y)

v _ | Knra(@y)  Knia(y,9) K5V 2) K%Y () _:[A B]
K% (@) K0 (ge) KD (@e) K @y)| BT CL
K (@) K9y K@y Ky

where A, B and C are the corresponding 2 x 2 matrices. Note that det A =
A = 0 if and only if x = y by the equality case in the Cauchy-Schwarz
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inequality. Thus we define Q = C — BTA™!B for « # v, and write

. [ 4 0} {1 A‘lB]
BT 1]|0 Q |-
The latter implies that
det ¥ = det A det Q2 = A det 2.
Since ¥ is invertible for = # y, so is 2 and thus detQ > 0 if x # y. It also

follows from (6.4) by direct algebraic manipulations that the elements of the

matrix
Q1 Q12}

Q=C-B'A"'B=
[912 Qa2

are as defined in (2.8-2.10).

Since the random vector V = V(z,y) has the multivariate normal distri-
bution N (0,Y) with a non-singular covariance matrix 3, we compute the
density of its distribution by [23, p. 130] in the form

exp (—2(0,0,t1,t2) 271(0,0,¢1,22)7)
(27)2(det X2)1/2
exp (—3(t1,t2) Q71 (t1, 1))
- (27)2(det £)1/2
Using matrix algebra, we further obtain that
[A— BC BT —A7'B[C - BTA7'B]™!

—C1BT[A - BC~ B! [C —BTA B!
Theorem 3.2 of [3, p. 71] states that if (a,b) C R, then

B[N, ([a, 5]) (N ([a, / / / / (t1talpey (0,0, t1, t2) dbrdtadady,

where D = {(a: y) € IR{2\ a < xz,y < b}. Hence
B[Ny Ny ([a,b]) = 1)]

exp ( (tl,tz)ﬂ_l(tlatQ)T)

// / / e ey At
exp ( (tl,tz)ﬂ_l(tlatQ)T)

tito dt1dtodxd

// //‘1 T (A dan) 2 e

dxdy,

pz,y(oa 07 tla t2) =

»ol =

w ], va e

where the inner integral is

/ / |t1t2| exXp ( (tl, tQ)Q_l(t]_,tQ)T> dtldtg.

Note if z # y, we have det Q = 21190 — Q%Q > 0 and

01— 1 Qoo —Q2
detQ |2 Q11 |7
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It follows that

with

_ Qoo Q19 Q11

t1,t2) Q7 (t1,t2)T = -2 t t3.

(b t2) 7 (o te)” = 506 6 dth2+dtQ2

Applying the result of [8, (3.9)], we evaluate the inner integral as

4(det £2)?
I(z,y) = (det ) 5 arcsiné | ,
Q11002(1 — 6%) 1—62

5= _&
V11022

Finally, putting everything together, we obtain

B[N,

n([a, o) (Nn([a, b]) = 1)]

/ / 4(det Q)? 1+ 0 arcsin & _dvdy
QHQQQ 1 —52) 1 _52 VA det )

1// \/m 1-— o arcsin <— b ) di1 drs
w2 D e 12 011099 — Q%Q V110929 \/Z

ng dx dy
011099 — Q2 Q .
// < e 12 + o aresin \/911922> VA

This and Lemma 2.1 give the result. B
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